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ABSTRACT 

Berwald  [1,2]  developed  the  study  of  two-dimensional  Finsler  spaces,  whose  idea  was  followed  by  Moor  [9]  to  introduced 
in  a  three-dimensional  Finsler  space  the  intrinsic  field  of  orthonormal  frame  consisting  of  normalized  support  element  /', 
normalized  torsion  vector  m  and  the  unit  vector  n,  orthogonal  to  both  /'  and  in.  Various  aspects  of  three-dimensional 
Finsler  spaces  have  been  studied  by  Rund  [5],  Matsumoto  [6,7,8],  Rastogi  [12,13,14]  and  others.  Similarly  four¬ 
dimensional  Finsler  spaces  have  been  studied  by  Pandey  and  Dwivedi  [10]  and  Rastogi  [15]  etc.  Theory  of  five- 
dimensional  Finsler  spaces  in  terms  of  scalars  has  been  studied  by  Pandey,  Dwivedi  and  Gupta  [11]  and  Dwivedi,  Rastogi 
and  Dwivedi  [4],  In  1990,  certain  new  tensors  were  defined  and  studied  by  Rastogi  [12],  while  in  2019  Rastogi  [14] 
introduced  a  new  tensor  Dj]k  in  three-dimensional  Finsler  space,  which  is  similar  to  tensor  Cijb  but  satisfies  different 
properties  like  Dljk  /'  =  0  and  Dijkg]k  =  £),  =  D  n,.  This  tensor  exists  only  in  Finsler  spaces  of  more  than  two-dimensions. 
This  tensor  was  further  studied  in  four-dimensional  Finsler  space  by  Rastogi  [15],  but  it  is  important  to  note  that  there  are 
two  tensors  of  such  type  in  four-dimensional  Finsler  space.  In  this  paper  besides  studying  variety  of  tensors  and  their 
properties  in  a  five-dimensional  Finsler  space,  we  have  also  studied  various  kinds  of  D-tensors  which  are  actually  three  in 
F5. 
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INTRODUCTION 


Let  F5  be  a  five-dimensional  Finsler  space  equipped  with  a  fundamental  function  L(x,y),  orthonormal  Miron  frame  ea)i  (a  = 
1.2,3,4,5),  adopted  components  of  the  metric  tensor  g;j  and  E-tensors  Ejjidm  respectively  given  by  5ap  and  e^e  = 
(S'cTp3,,  85e),  where  right  hand  term  is  generalised  Kronecker  delta  and  satisfies  usual  properties  [11,  15].  In  a  five¬ 
dimensional  Finsler  space  we  have  five  orthonormal  unit  vectors,  which  shall  be  denoted  by  I,  m,,  n(1)I,  n(2)i  and  n(3)i.  The 
h-covariant  derivative  ea//j  of  the  vector  ea/,  is  given  as 


ei)’/j  -  l’/j  -  0,  e2)‘/j  -  m‘/j  -  n(1/  h(1)j  -  n(2/  h(31lj  -  n(3) 
e4)’/j  =  iW/j  =  m1  h(3)j  -  n(1/  h(2)j  -  n(3/  h(6)j,  e5)‘/j  =  n 


1  h(4)j,  e3)‘/j  -  n(1)’/j  -  np/ 
(3)‘/j  =  m1  h(4)j  +  nn/  h(5)j 


h(2)j  -  m1  h(1|j  - 
+  11(2)'  h(6)j 


np)1  h 


(5)j’ 


(1.1) 


where  h(1)j,  h(2)j,  h(3)j,  h(4)j,  h,5)j  and  h(6)j  are  called  h-connection  vectors  of  F5. 
The  v-covariant  derivative  ea)nj  of  the  vector  ea)'  is  expressed  as 


ei)’//j  -  T//j  -  L  'h'j  -  L  '(m1  mj  +  n;^1  n(1)j  +  np/  n(2)j  +  n(3/  n(3)j), 
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®(2)'//j  =  mV/j  =  L  '(-l1  nij  +  rid,1  Upy  +  n(2,’  Upy  +  11(3/  U(4)j), 

£(3)1/)  =  n(i)'//j  =  L  '(-l1  n(1)j  -  m1  U(i)j  +  n(2)’  Up,,  +  no,1  U(5,j), 

2(4)iij  =  a(2)//j  =  L  (-11  n(2)j  -  m1  Up,,  -  n,,,1  U(3)j  +  np,1  Upy), 

2(5)ii)  =  n(3)H)  =  L  *(-l‘  n(3,j  -  m1  U(4)j  -  n(, U(5,j  -  np,1  Upy),  ( 1 .2) 

where  U(i)j,  Upy,  Upy,  U(4)j,  Upy  and  Upy  are  called  v-connection  vectors. 

Cartan’s  tensor  [3],Cijk  in  F5  can  be  expressed  as 

L  Cijk  =  C(i)  m,  mjmk  +  Cp,  n(1)i  n(1y  n(1)k  +  Cp,  npy  npy  n(3,k  +  C(4,  n(3,i  npy  n(3,k 
+  I(i,j,k)[C(5)  nt;  nij  n,1)k  +  C(6)  m,  m,  n(2)k  +  C(7,  nt,  nt,  n(3)k  +  Cp,  n^  n(iymk 
+  C(9,  n(I,i  n(1)j  n(2)k  +  C(io)  n(i)i  n(i)j  n(3/k  +  C<ii)  npy  n(2)jmk  +  C(12,  npy  n(2)j  n(1)k 
+  C(i3)  n(2)i  n(2jj  ti(3)k  +  Qi4)  npy  no)jtnk  +  Cfu,  non  npy  n(1)k  +  C(i6>  npy  npy  n(2)k 
+  C(i7)mi(n(1)j  n(2)k  +  n(i)k  n(2,j)  +  Qp)  mj(n,iy  np,k  +  n, i)k  n(3ij) 

+  C(19)  mi(n(2)j  n(3)k  +  n(2)k  n(3)j)  +  C(20)  n(l)i(n(2)j  n(3)k  +  n(2)k  n(3)j)  (1-3) 

Where 

C(l)  +  C(8)  +  C(11)  +  C(14)  =  L  C,  Cp,  +  C(5,  +  C(12)  +  C(15)  =  0, 

C(3)  +  Cp,  +  C(9)  +  C(16)  =  0,  C(4)  +  C(7)  +  C(10)  +  C(13)  =  0  (1.4) 

and  C(i7),C(i8),  C(i9,  and  C(20)  are  non-zero  scalars  in  F5. 

SECOND  ORDER  TENSORS  AND  THEIR  h-CO  VARIANT  DERIVATIVES 

Definition  2.1:  In  a  Finsler  space  of  five-dimensions  F5,  we  define  following  ten  non-zero  second  order 
symmetric  tensors. 

’Ajj(x,y)  =  IdjjJlj  nij},  2Ajj(x,y)  =  ^{l,  n(1)j},  3Ay(x,y)  =  I(ij){lj  n(2)j},  4Aij(x,y)  =  £(ij){lj  np,j},  (2.1)a 

5Aij(x,y)  =  lajUm,  n(1)j},  6Ay(x,y)  =  Xi.jzfm,  n(2)j},  7Aij(x,y)  =  Z(ij){rni  npy},  (2.1)b 

sAij(x,y)  =  I(ij,{n(I)i  n(2)j},  9Ay(x,y)  =  X(ij){n(1)i  npy},  10Aij(x,y)  =  I(ij){npy  npy}.  (2.1)c 

From  equations  (2.1)a,b,c,  by  virtue  of  equation  (1.1),  we  can  obtain 

1  Ay*  =  h(i)k2Ajj  -  hp,k3Aij  -  h(4)k4Aij,  “Ay/k  =  h(2,k3 Ay  -  hpjk'Ay  -  hp)k4Ay, 


2  Ay/k  -  hp)k*  Ay  -  h 


l(2)k‘Ay  -  h(6)k4Ay,  4Ay/k  =  hpy'Ay  +  hpyfAy  +  hp)k~Ay, 
2  Ay/k  =  2  hpjkOidn  n(1)j  -  m,  m,)  +  hp,k6Ay  -  h(3)k8Ay  —  h(4)k  9 Ay  -  h(5)k7Ay, 

( Ay*  =  h(1)k8Ay  -  h(2)k5Ay  +  2  h(3)k(mi  mj  -  npy  n(2,j)  -  h(4)k10Ay  -  h(6)k7Ay, 


Mj/k  -  **(l)k  ^ij 

7 Ay/k  =  h( i,k9Ay  -  hp)kH  Ay  +  2  h(4)k(mi  m,  -  n(3oi  npy)  +  hp)k5  Ay  +  h(6,k6Ay, 

5  *  i_  10  A  1_  9 


Uj/k  -  tl(l)k  Ay  -  flpjk  Ay  ■ 

Ay/k  =  -  h(i)k6Ay  +  2  h(2)k(n(2)I  n(2y  -  n(lkI  npy)  +  hp,k5Ay  -  h(5)k10Ay  -  h(6)k9Ay, 


(2.2) a 

(2.2) b 

(2.2) c 

(2.2) d 

(2.2) e 

(2.2) f 
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9  Ay/k  =  -  h(i)k7Ajj  +  h(2)k10Aij  +  h(4)k5Ajj  +  2h(5lk(n(i)i  n(1y  -  n(3)I  n(3)j)  +  h/gj/Ay,  (2.2)g 

10Aij/k  =  -  h(2)k9Aij  +  h(3)k7Aij  +  h(4)k  6  Ay  +  h(5)k8Ay  +  2  h(6)k  (n(2)i  n(2y  -  n(3)i  n(3y).  (2.2)h 

From  equations  (2.2)  a,b,c,d,e,f,g,h,  we  can  obtain 

Theorem  2.1:  In  a  five-dimensional  Finsler  space  F5,  tensors  'Ay*,  2Aij/k,  ’Ay/kand  4Ay/k  satisfy  equation 
'Ay/k  +  “Ay/k  +  3  Ay/k  +  4Ay/k  =  (h(3)k  +  h(4)k  -  h(1)k)  '  Ajj  +  (h(i)k  -  h(2)k  +h(5)k)  “Ay 

+  (h(2)k  -  h(3)k  +  h,6)k)  3 Ay  -  (h,4)k  +  h(5)k  +  h(6)k)4Ay  (2.3) 

Theorem  2.2:  In  a  five-dimensional  Finsler  space  F5,  tensors  5 Ay/k,  6Ay/k  and  7Ay/k  satisfy  equation 
5 Ay/k  +  4  Ay/k  +  7  Ay/k  =  (h(5)k  -  h(2/k)  5  Ay  +  (h(2)k  +  h(6)k)  4  Ay  -  (h(5)k  +  h(6)k)  7 Ay  +  (h(1)k  -  h(3)k)  8Ay 
+  (h(i)k  -  h(4)k)  9  Ay  -  (h(3)k  +  h(4)k)  10Ay  +  2(h(3)k  +  h(4)k  -  h(1)k)mi  nij 

+  2(h(1)k  n(1)i  n(i)j  -  h(3/k  np^n^y  -  h(4)k  n(3)I  n(3y)  (2.4) 

Theorem  2.3:  In  a  five-dimensional  Finsler  space  F5,  tensors  sAy/k,  9Ay/k  and  10Ay/k  satisfy  equation 

SAy/k  +  9  Ay/k  +  * 9  Ay/k  =  (h(3)k  +  h(4)k) '  Ay  +  (h(4)k  -  h(1)k)  6Ay  +  (h(3)k  -  h(i)k) 7  Ay 
+  (h<5)k  +  h(6)k)(8Ay  -  2  n(3)I  n(3y)  -  (h(2)k  +  h(6)k)(9Ay  —  2  n(2)I  n(2y) 

+  (h(2)k  -  h(5)k)(10A  -  2  n(1)i  n(i0j)  (2.5) 

Definition  2.2:  In  a  five-dimensional  Finsler  space  F5,  we  define  following  symmetric  tensors 
'By  =  m,  nij,  ~By  =  n(1)I  n(iy,  3Bin  =  n,2)I  n(2)J  and  4By  =  n(3)I  n(3)j  (2.6) 

From  equation  (2.6),  we  can  obtain 

'By/k  =  h(i)k5Ay  -  h(3)k4’Ay  -  h(4)k7Ay,  “By/k  =  -  hp/^Ay  +  h(2)k8Ay  -  hp/^Ay,  (2.7)a 

By/k  =  -  h(2)k8Ay  +  h(3)k6Ay  -  h(6/k10Ay,  4By/k  =  hp^Ay  +  h(5)k9Ay  +  h(6)k10Ay  (2.7)b 

which  lead  to 

Theorem  2.4:  In  a  five-dimensional  Finsler  space  F5,  equation  (2.7)a,b  lead  to 

*By/k  +  “By/k  +  3By/k  +  4By/k  =  0.  (2.8) 

Remark.  Theorem2.4:  is  actually  representing  that  h-covariant  derivative  of  angular  metric  tensor  in  a 

five-dimensional  Finsler  space  vanishes. 

Definition  2.3:  In  a  five-dimensional  Finsler  space  F5,  we  define  following  symmetric  tensors. 

'Ty  =  m;  m,  +  n,Ui  n(1)j,  2Ty  =  mimJ  +  n(2)I  n(2)j,  3Ty  =  mj  mj  +  n(3)I  n(3)j,  (2.9)a 

4Tij  =  n(i)i  nd)j  +  n(2)i  n(2)j,  5Ty  =  n(1)i  n(1y  +  n(3)i  n(3)j,  6Ty  =  n(2)I  n(2y  +  n(3)i  n(3y  (2.9)b 

From  equation  (2.9)a,b,  we  can  obtain 

lrfjj/k  =  h(2)k 8 Ay  -  h(3)k6Ay  —  h(4)k7Ay  -  h(5)k  9 Ay,  (2. 10)a 

|  Impact  Factor(JCC):  4.6148  -  This  article  can  be  downloaded  from  www.imvactiournals.us  ~| 


4 

S.  C.  Rastogi 
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(2.10)b 

'Ty/i;  -  h(  i  >k5 Ay  -  h(3)k6Ajj  +  h(5)k9Aij  +  h(6)k10Ay 

(2.10)c 

If  we  find  h-covariant  derivative  of  remaining  three  terms,  we  can  obtain 


Theorem  2.5:  In  a  five-dimensional  Finsler  space  F5,  tensors  defined  in  equations  (2.9)a,b 

satisfy 

equation 

*Tij/k  +  6Tij/k  =  0,  “Tjj/j;  +  ^  Tjj/ii  =  0  and  3Tij/k  +  4Tij/k  =  0. 

(2.11) 

Definition  2.4:  In  a  five-dimensional  Finsler  space  F5,  we  define  following  symmetric  tensors 


‘Ujj  =  m1mj- n(1)I  na)j,  2Uij  =  m,  mj  -  n(2)I  n(2)j,  3Uij  =  m;  mj  -  n(3)I  n(3)j, 

(2.12)a 

4Uij  =  n(1)I  n(1)j  -  n(2)i  n(2)j,  5Uy  =  n(1)I  n(1)j  -  n,3)I  n(3)j,  6Uij  =  n,2)I  n(2)j  -  n(3)I  n(3)j 

(2.12)b 

From  equation  (2.12)a,b,  we  can  easily  obtain 


*Uij/k  -  2  h(i)k5Aij  —  h(2)k8Ay  -  h(3)k6Aij  -  h(4)k7 Ay  +  h(5)k9Ay, 

(2.13)a 

~Uij/k  =  h(i)k5A.jj  +  h(2)k8Aij-  2  h(3)k6Aij  -  h(4)k7Ay  +  h(6)k10Ay, 

(2.13)b 

Uij/k  =  h(l)k5Ay  -  h(3)k6Ay  -  2h(4)k7Ay  -  h(5)k9Ay  —  h(6)k10Ay, 

(2.13)c 

4Uij/k  =  -  h(l)k5Ay  +  2  h(2)k8Ay  -  h(3)kSAy  -  h(5)k9Ay  +  h(6)k’0Ay, 

(2.13)d 

5Uij/k  -  -  h(l)k5Ay  +  h(2)k8Ay  -  h(4)k7Ay  -  2  h(5)k9Aij  -  h(6jk1(  Ay, 

(2.13)e 

6Uij/k  =  -  h(2)k8Ay  +  h(3)k6Ay  -  h(4)k7Ay  -  h(5)k9Ay  -  2  h(6)k10Ay. 

(2. 13)f 

These  equations  in  (2.13)a,b,c,d,e,f,  lead  us  to 


‘Uy/k  +  5Uy*  =  3uij/k,2uij/k  +  't:;  k  -  !u,  k 

(2.14)a 

and 


Uij/k  +  4Uij/k  -  2(h(2)kSAy  -  h(3)k6Ay  -  h(4)k7Ay  -  h(5)k9Ay) 

(2.14)b 

Hence: 


Theorem  2.6:  In  a  five-dimensional  Finsler  space  F5,  tensors  Ulj/k  satisfy  equations  (2.14)a,b 
following  form: 

in  the 

’Ey  =  lj  mj  -  lj  m„  2Ey  =  lin(1)j  -  lj  na)1, 3Ey  =  lj  n(2)j  -  lj  n(2)I,  4Ey  =  1,  n,3)j  -  lj  n(3)I, 

(2. 15 )a 

5Ey  =  m^Dj  -  m,  n(1)I,  sEy  =  nt;  n(2)j  -  ^  n(2)1, 7Ey  =  nt;  n(3)j  -  mj  n(3)I, 

(2.15)b 

9t- >  IOt? 

tiy  -11(1)!  H(2ij  —  n<i)j  11(2)1’  i-'ij  -  n(!)i  n(3)j  -  n(  1  )j  n(3)i.  i-'ij  -  n(2)i  n(3)j  -  n,2)j  n(3)i. 

(2. 15 )c 

From  equations  (2.15)  a,  b,  c,  we  can  obtain  on  simplification 


*Eij/k  -  h(l)k2Ey  -  h(3)k3Ey  -  h(4)k4Ey,  “Ey/k  -  -  h(1)k’Ey  +  h(2)k3Ey  -  h(5)k4Ey, 

(2.16)a 

Ejj/k  =  -  h(2)k~Ey  +  h(3)k’Ey  -  h(6)k4Ey.  4Ey/k  =  h(4)k’Ey  +  h(5)k-Ey  +  h(6)k3Ey, 

(2.16)b 
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Ey/k  =  h(2)k6Eij  +  h(3)k8Eij  +  h(4)k9Eij  -  h(5)k7Ejj,  (2.16)c 

6Eij/k  =  h(i)k8Ejj  -  h(2)k5Eij  +  h(4)k10Eij  -  h(S)k7Eij,  (2. 16)d 

7Ey/k  =  h(i)k9Eij  -  h(3)k10Ejj  +  h(5)k5Eij  +  h^^Ey,  (2.16)e 

SEy/k  =  -  h(1)k6Eij  -  h(3)k  5Ey  +  h(5)k10Eij  -  h(5)k9Ejj,  (2.16)f 

9Eij/i-  =  -  h(1)k7Eij  +  h(2)k10Eij  -  h(4)k5Eij  +  h(6)k8Eij,  (2.16)g 

10Eij/k  =  -  h(2)k9Ejj  +  h(3)k  ?Ejj  -  h(4)k6Eij  -  h^/Ey  (2.16)h 

From  these  equations  we  can  obtain 


'Ey/k  +  Ey/k  +  “Ey/k  +  4Ey/k  -  IEij(h(3)k  +  h(4)k  -  h(1)k)  +  -Ey(h(1)k  +  h(5)k  —  h(2)k) 

+  3Ejj(h(2)k  +  h(6)k  -  h(3)k)  -  4Ey(h,4)k  +  h,5)k  +  h,6)k)  (2.17) 

and 

Ey/k  +  6Eij/k  +  7Eij/k  +  sEij/k  +  9Eij/k  +  10Ejj/k 

=  5Eij(h(5)k-  h(2)k  -  h(3)k  -  h(4)k)  +  6Eij(h(2)k  +  h(6)k  -  h(1)k  -  h(4)k)  +  7Ey(h(3)k  -  h(1)k  -  h(5)k  -  h(6)k) 

+  SEij(h,1)k  +  h(3)k  +  h(6)k  -  h(5)k)  +  9Eij(h(1)k  +  h(4)k  -  h(2)k  -  h(6)k) 

+  10Ejj(h,2)k  +  h(4)k  +  h(5)k  -  h(3)k)  (2.18) 

Hence: 

Theorem  2.7:  In  a  five-dimensional  Finsler  space  F5,  h-covariant  derivatives  of  skew-symmetric  tensors  given  by 
equations  (2.15)a,b,c  satisfy  equations  (2.17)  and  (2.18). 

V-CO  VARIANT  DERIVATIVES  OF  TENSORS  DEFINED  ABOVE 

For  the  terms  defined  in  equation  (2.1),  with  the  help  of  definition  (1.2)  of  v-covariant 


'Aijz/k  =  L  1  (hik  m,  +  hjk  m,  -  21;ljmk  +  U(i)k2Ay  +  U(2)k3Ay  +  U^i/Ay),  (3.1)a 

"Aij/zk  =  L  1  (hikn(1  )j  +  hjk  n^  -  2  ljlj  n(1)k  -  U(i)k'Ay  +  U(3)k3Ay  +  U(5)k4Ay),  (3. l)b 

3 Ajj//k  =  L  1  (hikn(2)j  +  hjk  n(2)i  -  2  1,1,  n(2)k  -  Upjk'Ay—  Up^Ay  +  U(6)k4Ay),  (3. l)c 

4Aij//k  =  L  1  (hikn(3)j  +  hjk  n(3)i  -  2  ljlj  n(3)k  -  U(4)k' Ay  -  Up^Ay  -  U(6)k"  Ay).  (3. l)d 


Similarly,  from  equations  of  (2.1)  b,  c  we  get 

5  Ajj//k  =  L  1  {U(2)k8Aij  +  U(3)k6Aij  +  U(4)k  9  Ay  +  U(5)k7Aij 

+  2  U(i)k(n(1)i  n(1)j  -  mj  mj)  -  mkAj  -  n^^Ajj},  (3.2)a 

( Aij//k  =  L  1  (U(i)k  8  Ay  -  U(3)k 5 A;j  +  U(4)k10Aij  +  U(6)k7Aij 

+  2  U(2)k(n(2)i  n(2)j  -  mj  mj)  -  mk“  Ay  —  n(2)k 1  Ay},  (3.2)b 

7 Aij//k  =  L  1  {U(i)k7Aij  +  U(2jk  10A;j  -  U(5)k5Aij  -  U(6)k6Ay 
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+  2  U(4)k(n(3)i  n(3)j  -  nt;  mj)  -  mk4Ay  -  npjk'Ay}, 

(3.2)c 

SAij//k  =  L  1  { -U(i)k  6Ajj  -  U(2)k5Ajj  +  U(5)k  lc  Ay  +  U(6)k9Ay 

+  2  U(3)k(n(2)i  n(2)j  -  n(1)I  n( iy)  —  n, t*  3  Ay  —  n(2)k  2 Ay ) , 

(3.2)d 

9  Ay/*  =  L  1  {-U(i)k7Ay  +  Up*1  °Aij  -  Up*  Ay  -  U(6)k8Ay 

+  2  U(5)k(n(3)i  n,3)j  -  n(1  *  n, iy)  -  n,  1)k 4  Ay  -  n(3)k  2 Ay }, 

(3.2)e 

1°Ay//k  =  L  1  { -Up*7  Ay  -  Up*9  Ay  -  U(4)k  6 Ay  -  Up* sAy 

+  2  U(6)k(n(3)i  n,3)j  -  n(2)i  n(2)j)  -  n(2*4Ay  -  np*3Ay}. 

(3.2)f 

For  tensors  defined  by  equation  (2.6),  we  can  obtain 
*Bij//k  =  L  '(-  mk1Aij  +  U(1)k5Aij  +  U(2)k6Ay  +  U(4)k7Ay), 

"Bij//k  =  L  '(-  ri(i)k2Aij  -  U(i)k5Aij  +  U(3)ksAy  +  U(5)k9Ay), 

Bij//k  =  L  '(-  n(2)k  Ajj  -  U(2)kf  A;j  -  U(3)k8Ay  +  U(6)k10Aij), 

4Bij//k  =  L  '(-  n(3)k4Aij  -  U(4)k7Aij  -  U(5)k9Ay  -  u(6)klnAy). 


(3.3) a 

(3.3) b 

(3.3) c 

(3.3) d 


From  equations  (3.3)  a,b,c,d,  we  can  obtain 

Theorem  3.1:  In  a  five-dimensional  Finsler  space  F5,  tensors  given  in  (3.3)  satisfy  equation 

'Bij/ft  +  _Bij//k  +  3Bij//k  +  4Bjj//k  =  -  L  ’(mit’Ajj  +  n(1)k2Ay  +  n(2)k  A^  +  n(3)k4Ay)  (3.4) 

From  equations  (2.9)  a,b  we  can  obtain 

'Tij/zk  =  L  1[-mk1Ay  -  n(1)k“Ajj  +  U(2)k6Aij  +  U(3)k8Ay  +  U(4)k7Ay  +  U(5)k9Ajj],  (3.5)a 

Tjjz/k  =  L  *[-  mk  'Ajj  -  n(21k3Aij  +  U(i)k5Ay  -  U(3)k8Ay  +  U(4)k7Ay  +  U(6)k10Ay],  (3.5)b 

3Tij//k  =  L  1[-mk1Aij  -  n(3)k4Aij  +  U(i)k5Ay  +  U(2)k6Ay-  -  U(5)k9Ay  -  U^jk' °Ay],  (3.5)c 

4Tij//k  =  L  1  [-n^!jk2 Ay —  n(2)k3Aij  —  U(i)k5A;j  -  U(2)k6Ay  +  Up^Ay  +  U(6)k10Ay],  (3.5)d 

5Tij//k  =  L  '[-njj^Aij  -  n(3)k4Aij  -  Up*5  Ay  +  Up*8  Ay  -  Up*7  Ay  -  U(6*10Ay],  (3.5)e 

6T,j//k  =  L  1  [-nc2)k3Aij  -  n(3)k4Ajj  -  U(2*6Ay  -  Up*8  Ay  -  Up*7  Ay  -  Up*9  Ay].  (3.5)f 

Hence: 

Theorem  3.2:  In  a  five-dimensional  Finsler  space  F5,  tensors  given  in  (2.9)a,b  satisfy  equations  (3.5)a,b,c,d,e,f. 
From  equation  (3.5)  a,b,c,d,e,f,  we  can  further  obtain 

*Tij//k  +  6Tij//k  =  ~Tij//k  +  5Tij//k  =  3Tij//k  +  4Tij//k  =  L  '[-m^Ay  -  n(1*-Ay  -n(2*~ Ay  -  np*4Ay]  (3.6). 

Hence: 

Theorem  3.3:  In  a  five-dimensional  Finsler  space  F5,  tensors  given  in  (3.5)  a,b,c,d,e,f,  satisfy  equation  (3.6). 
From  equation  (2.12)  a,b,  we  can  obtain 
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II 

p 

L1 

[-tnk 

'a  ■ 

Ay 

+  n(l)k~Ay  +  2  U(l)k5Ay  +  U(2)k6Ay 

-  U(3)k8Ay  +  U(4)k7Ay  ■ 

-U(5)k9Ay], 

(3.7)a 

2Uy//k  = 

L> 

[-tnk 

U. 

Ay 

+  n(2)k' Ay  +  U(1)k5 

Ay  +  2  U(2)k6Ay 

+  U(3)k8Ay  +  U(4)k7Ay 

-U(6)k10Ay], 

(3.7)b 

II 

'S 

m 

L> 

[-mk 

'A  ■ 

A1J 

+  n(3)k4Ay  +  U(1)k5 

Ay  +  Upjk’Ay  + 

■  2  U(4)k7Ay  +  U(5)k9Ay 

+  U(6)k10Ay], 

(3.7)c 

II 

L1 

[“n(l)k~Aj 

j  +  n(2)k3Ay  -  Ufi)k 

5  Ay  +  U(2)k6Ay 

+  2  U(3)k  8  Ay  +  U(5)k9A 

y-U(6)k10Ay], 

(3.7)d 

5Ulj//k  = 

U1 

[_n(l  )k~  A; 

j  +  n(3)k4Ay  -  U(i)k 

5  Ay  +  U(3  jk  8Ay 

+  U(4)k?Ay  +  2U(5)k9Ay 

1  +  U(6)k10Ay], 

(3.7)e 

6Uy//k  = 

L-1 

[-n(2)k3Aj 

j  +  n(3)k4Ay  -  U(2)k' 

6  Aij  -  U(3)k  SAy  +U(4)k7Ay  +  U(5)k9Ay  + 

2U(6)k10Ay]. 

(3.7)f 

From  equations 

(3.7)  a,b,c,d,e,f,  we  can  obtain 

'Uy//k  + 

4us 

ij//k  - 

"Uy//k,  'Uy//k  +  Uy//k  - 

:  Uy//k  +  6Uy//k  = 

-  3Uij//k,  4Uy//k  +  fUy//k  : 

=  5Uy//k 

(3.8) 

Hence: 


Theorem  3.4:  In  a  five-dimensional  Finsler  space  F5,  v-covariant  derivatives  of  the  tensor  Uy  satisfy 


equation  (3.8). 

From  equation  (2.15)  a,b,c,  we  can  obtain 

*Eij//k  =  L  1  [hik  m,  -  hjk  nt;  +  U(i)k2Ey  +  U(2)k3Ey  +  U(4)k4Ey],  (3.9)a 

“Ejj //k  =  L  1  [hiknf j)j  -  hjk  n(1)I  -  Up^'Ey  +  U(3)k3Ey  +  U(5)k4Ey],  (3.9)b 

'Ey //k  =  L  '[h^n^y  -  hjk  n(2)i  -  U(2)k1Eij  -  U(3)k-Ey  +  U(6)k4Ey],  (3.9)c 

4Eij//k  =  L  1  [hikn(3)j  -  hjk  n(3)I  -  Upjk'Ey  -  U(5)k2Ey  -  U(6)k3Ey],  (3.9)d 

5Ey//k  =  L  '[-nVEy  +  ndjk’Ey  -  U(2)k8Ey  +  U(3)k6Ey  -  U(4)k9Ey  +  U(5)k7Ey],  (3.9)e 

6Ey//k  =  L'l[-mk3Ey  +  npjk'Ey  +  U(1)ksEy  -  U(3)k5Ey  -  U(4)k10Ey  -  U(6)k7Ey],  (3.9)f 

7Ey//k  =  L'‘[-mk4Ey  +  n(3)k1Ey  +  U(1)k9Ey  +  U(m10Ey  -  U(5)k5Ey  -  U(6)k6Ey].  (3.9)g 

8Ey//k  =  L-1[-n(1)k3Ey+  n(2)k2Ey  -  U(1)k6Ey  +  U(2)k5Ey  -  U(5)k10Ey  +  U(6)k9Ey],  (3.9)h 

9Ey//k  =  L  1[-n(2)k4Ey  +  n(3)k-Ey  -  UpyjEy  -  U(3)k9Ey  +  U(4)k5Ey-  U(6)k8Ey],  (3.9)i 

1  °Ey//k  =  L-'t-npj/Ey  +  n(3)k3Ey  -  U(2)k7Ey  -  U(3jk9Ey  +  U(4)k6Ey  +  U(5)k8Ey].  (3.9)j 


From  these  equations  several  relations  can  be  established  between  E-tensors. 

D-TENSOR  OF  FIRST  KIND 

In  a  five-dimensional  Finsler  space  F5,  there  exist  D-tensors  of  three  kinds.  Here  we  shall  be  defining  D-Tensor  of 
first  kind.  Let  'Dyk  be  representing  the  D-tensor  of  first  kind,  which  is  such  that 

‘Dyk  1'  =  0  and  lDykgik=  ‘D,  =  'D  n(1)I  (4.1) 

Any  third  order  tensor  in  F5,  satisfying  equation  (4.1)  can  be  expressed  as 

'Dyk  =  D(ll  mj  mjmk  +  D(2)  n(1)I  n(1)j  n(i)k  +  D(3)  npy  n(2)j  n(2)k  +  D(4)  n(3)I  n(3y  n(3)k 
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+  D(5)Z(ijk){mi  mj  n(l)k)  +  D(6)X(ijk){mi  Hlj  Il(2)k }  +  D(7)Z(ijk) { mi  Hlj  n(3)k} 

+  D(8)X(ijk){ii(i)i  n(1)jmk}  +  D(9)2(ijk){n(1)i  n(1)j  n(2)k}  +  D(io)Zojki{n(i)i  no>j  n(3)k} 

+  D(H)X(ijk){n(2)i  n(2)jinkj  +  D(12)X(ijk)  {r>(2)i  n(2)j  n(1)k}  +  D(i3)Z(ijk){n(2)i  n(2jj  n(3)k} 

+  D(i4)X(ijk){n(3)i  n(3)jink}  +  D(15^(ijk){n(3)I  n(3)j  n(1)k}  +  DtieiXaj^fnp)!  n(3)j  n(2)k} 

+  D(17)X(ijk){mi(n(1)j  n(2)k  +  n(Uk  n(2)j))  +  D(18)^(ijk){mi(n(2)j  n(31k  +  n(2)k  n,3)j)} 

+  D(19)£(ijk){mi  (n(3,j  n(1)k  +  n(3)k  n(nj)}  +  D(2o)2ujk) { n(  1  >i(n(2)j  n(3)k  +  n(2)k  n(3)j) }  (4.2) 

Definition  4.1:  In  a  five-dimensional  Finsler  space  F5,  the  tensor  'D;jk,  defined  by  equation  (4.2)  is  called  D- 
tensor  of  first  kind. 

Multiplying  equation  (4.2)  by  gik,  we  obtain  on  simplification 

1  D;  =  nij(D(i)  +  D(8)+  D(H)  +  D(i4))  +  n(1)I  (D(2)  +  D(5)  +  D(i2)  +  D(i5))  +  n(2)i(D(3)  +  D(6)  +  D(9)  +  D(i6)) 

+  n(3)i(D(4)  +  D(7)  +  D(io)  +  D(I3)),  (4.3) 

which  by  virtue  of  (4.1)  leads  to 

D(i)  +  D(g)  +  D(11)  +  D( i4)  =  0,  D(2)+  Dp)  +  D(12)  +  D(i5)  =  'D,  D(3)  +  D(6)  +  D(9)  +  D(i6)  =  0, 

D(4)  +  D(7)  +  D(10)  +  D(13)  =  0.  (4.4) 

Hence: 

Theorem  4.1:  In  a  five-dimensional  Finsler  space  F5,  the  16  coefficients  of  the  tensor  'Djjk,  defined  by 

equation  (4.2)  satisfy  equation  (4.4). 

Let  us  assume  that  the  tensor  1  Dlik  =  0,  then  from  equation  (4.2)  with  the  help  of  (4.4),  we  observe  that 

D(2)  +  D(5)  +  D(i2)  +  D(i5)  =  0,  (4.5) 

which  with  the  help  of  equation  (4.3)  leads  to 

Theorem  4.2:  In  a  five-dimensional  Finsler  space  F5,  the  necessary  and  sufficient  condition  for  the  vector  D 
to  vanish  is  given  by  equation  (4.5). 

Equation  (4.2)  can  alternatively  be  expressed  as 

*Dijk  =  X(ijk)  { tttiWjk  +  nn^Xjk  +  n(2|iYjk  +  n(3)IZjk},  (4.6) 

Where 

Wjk  =  ( 1/3)[D( d  mjmk  +  3  D(S)  n^j  n(1)k  +  3  D(n)  n(2)j  n(2)k  +  3  D(14)  n(3)j  n(3)k 

+  D(i7)(n(1)j  n(2)k  +  n(i)k  n(2)j)  +  D(i8)(n(2)j  n(3)k  +  n(2)k  n(3)j)  +  D(i9)(n(3)j  n(i)k  +  n(3)k  n(1)j)],  (4.7)a 

Xjk  =  (1/3)[D(2)  n(i)j  n(i)k  +  3  D(5)mjmk  +  3  D(i2)  n(2)j  n(2)k  +  3  D(i5)  n(3)j  n(3)k 

+  D<i7)(mj  tt(2)k  +  ntk  n(2|j)  +  D(19)(n(3)jmk  +  n(3)k  ntj)  +  D(2o)(n(2)j  n(3)k  +  n(2)k  n^)],  (4.7)b 

Yjk  =  (1/3)[D(3)  n(2)j  n(2)k  +  3  D(6)  mjmk  +  3  D(9)  n^j  n(1)k  +  3  D(i6)n(3)j  n(3)k 
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+  D(17)(mj  n(1)k  +  mk  n^j)  +  D(i8)(n(3)jmk  +  n(3)kmj)  +  D(20)(n(1)k  n(3)j  +  n(1)j  n(3)k)],  (4.7)c 

Zjk  =  (1/3)[D(4)  n(3)j  n(3)k  +  3  D(7)  nijmk  +  3  D(10)  n(1)j  n(i)k  +  3  D(13)  n(2)j  n(2)k 

+  D(i8)toj  n(2)k  +  mk  n(2)j)  +  D(i9)(mj  n(1)k  +  mk  n,  13j)  +  D(20)(n(1)j  n(2>k  +  n(1)k  n(2>j)]  (4.7)d 

Multiplying  equation  (4.2)  respectively  by  mk,  n(1  k,  n(2)kand  n(3)k  and  using 

'Dij  =  ‘DIjkmk,  “Dy  =  ‘Dljkn(1)k,  12D;j  =  'Dljk  n(2)k  and  13DU  =  'Dijk  n(3)k  (4.8) 

together  with  equations  (2.1),  (2.6)  and  (2.9),  we  get  on  simplification  similar  to  Shimada  [17] 

1  Dq  =  D(1) 1  Bjj  +  D(8)'Bij  +  D(1i)  By  +  D(i4)4Bij  +  D(5j5Ajj  +  D(6)  6  Ay 

+  D(7)7Aij  +  D(17)8Aij+  D(18)10Aij  +  D(19)9Aij,  (4.9)a 

'  *Dij  =  +  D(5)lBij  +  D(12)3By  +  D(15l4Bij  +  D(8)5Ay  +  D(9)8Ay 

+  D(io)?Aij  +  D(i7)6Aij  +  D(i9)7Aij  +  D(20)10Aij,  (4.9)b 

1  ”Dij  =  11(3 ,  B,  +  D(6)' Bjj  +  11,9,-Bii  +  D(i6)4Bij+  D(11)6Aij  +  D(12)SAjj 

+  D(i3)10Aij  +  D(i7)5Aij  +  D(18)7Aij  +  D(20)9Aij,  (4.9)c 

Djj  =  D(4)4Bij  +  D(7)1Bjj  +  D(io)“Bij  +  D(13)3By  +  D(14)7Ay  +  D(15)9Ay 

+  D(i6)  '°Aij  +  D(18)  6Aij+D(i9)5Aij  +  D(2o)8Aij.  (4.9)d 

From  equation  (4.9)a,b,c,d,  it  is  easy  to  observe  that 

1  Dijk  =  *Dijmk  +  UDijn(l)k  +  '~Dij  n(2)k  +  '  Dij  n(3)k  (4.10) 

From  equations  (4.9)a,b,c,d,  we  can  easily  obtain 

1  Dq  m*  =  D(1)  m;  +  D(5)  n(1)I  +  D(6)  n(2)I  +  D(7)  n(3)I,  (4.11)a 

'  * Dijn(i)3  =  D(2)  n(i)i  +  D(8)  mi  +  D(9)  n(2)I  +  D(io)  np)!,  (4.1  l)b 

1  ~Dijn(2)3  =  D(3)  n(2)I  +  D(n)  m;  +  D(i2)n(1)I  +  D(13)  n^,  (4.11)c 

13Dijn(3)J  =  D(4)  n(3)i  +  D(14)  m;  +  D(15)  n(1)I  +  D(i6)  n(2)i,  (4.11)d 

Adding  all  these  equations  and  using  equation  (4.4),  we  get 

‘Dij  mJ  +  nDljn(1)J  +  12Djj  n(2)j  +  13Dy  n(3)j  =  1 D,  (4.12) 


Hence: 

Theorem  4.3:  The  vector  1  D;in  a  five-dimensional  Finsler  space  F5,  satisfies  equation  (4.12). 
The  h-covariant  derivative  of  tensor  'Dyk  can  be  obtained  as 

'Djjit/h  =  A(i)h  m;  mjmk  +  A(2)h  n(1)j  n(j)j  n(1)k  +  A(3)h  n(2)in(2)j  n(2)k  +  A(4)h  n(3)I  n(3)j  n(3)k 
+  Za.j.k)  [A(5)h  {mj  m,  n(1)k}  +  A(6)h  {  mj  mj  n(2)k}  +  A(7)h  {  mj  mj  n(3lk} 

+  A(8)h  {  n(1)j  n(1)jjmk]  +  A(9)h  {  n^  n(1)jn(2)k}  +  A(i0)h  { n( i jj  nn)jn(3ik} 
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+  A(11)h  {n(2)in(2)jmk}+  A(i2)h  {n^n^  n(i)k}  +  A(13)h  {n(2)in(2)jn(3)k} 

+  A(14)h  {n,3)in(3)jmk)  +  A(15)h  {nf3)in<3)j  n(1)k}+  A(16)h  {  n(3 >in< 3)jn<2)k } 

+  A(17)h  {mi(n(i)jii(2)k  +  n(i)kn(2)j)}  +  A(18)h{mi(n(ijn(3)k  +  n(i)kn(3)j)} 

+  A(19)h  {mi(n(2)jn(3)k  +  n(2)kn(3)j)}  +  A(2o)h  {H(i)i(n(2)jn(3)k  +  nC2)kn(3)j) }  (4.13) 

where  we  have  used 

A(i)j  =  D(i)/j  +  3(D(6)h(3)j  -  D(5)  h(1)j  +  D(7)h(4)j) 

A(2)j  =  D,2)/j  +  3(D,8)  h(i)j  -  D(9)h,2)j  +  D(10)h(5)j) 

A(3)j  =  D(3)/j  +  3(D(12)h(2)j  -  D(1  l)h(3)j  +  D(13)h(6)j) 

A(4)j  =  D(4)/j-  -  3(D(14)h(4)j  +  D(15)h(5)j  +  D(16)h(S)j) 

A(5)j  =  D(5)/j  +  (D(i)  -  2D(8))h(1)j  -  D(S)h(2)j  +  D(7)h(5)j  +  2  D(17)h(3)j  +  2D(18>h(4)j 
A(6)j  =  D(6)/j  -  (Da)  -  2  D(11))h(3)j  +  D(5,h(2)J  +  D(7)h<6)j  -  2  D(17)  h(1)j  +  2  D(19)h(4) 

A(7)j  =  D,7,/j  -(D(1)  -  2  D(14))h(4)j  -  D(5)h(5)j  -  D(6)h,6)j  -  2  D(18)  h( jjj  +  2  D(19)h(3) 

A(8)j  =  D(8)/j  -  (D(2)  -  2  D(5))h(1)j  +  D(9)h(3)j  +  D(10)h(4)j  -  2  D(17)h(2)j  +  2  D(18)h(5)j 
A(9)j  =  D(9)/j  +  (D(2)  -  2D(12))  h,2)j  -  D(81h(3)j  +  D(10)h(6)j  +  2  D(17)h(1)j  +  2  D(2o)h(5)j 
A(io)j  =  D(ioyj "  (D<2)  -  -  D(i5))h(5)j  _  D(8)h(4)j  -  D(9)h(6)j  +  2  d(i8)  h(1)j  -  2  D(2o)h(2)j 
A(ii)j  =  D(11vj  +  (D(3)  -  -  D(6))h(3)j  -  D<i2i  h(i)j  +  D(i3)h(4)j  +  2D(17)h(2)j  +  2D(19)h(6)j 
A( i2)j  =  D(i2)/j  +  D(ii)  h(1)j  -(D(3)  -  2  D(9))h(2)j  +  D(13)h(5)j-2  D(17)h(3)j  +  2  D(2o)h(6yj 
A(i3yj  =  D(13)/j  -(D(3)  -  2  D(16k)  h(61lj  -  D(11)h(4)j  -  D(12)h(5)j  -  2  D(19)h(3)j  +  2  D(2o)h(2)j 
A( i4)j  =  D(14Vj  +  (D,4)  -  2  D(7))h(4)j  -  D(!5)  h(|)j  +  D^h^jj  -  2  D(18)h(5)j  -2  D(19)h(5)j 
A(i5)j  =  D(15)/j  +  (D(4)  -  2  D( io>)  h(5)j  +  D(i4)  h(1)j  -  D(16yh(2)j-2  D(i8)h(4|j  -  2  D(20)h(6)j 
A(is)j  =  D(i6)/j  +  (D(4)  -  2  D,i3))h,6)j  -  D(14)h(3)j  +  D(I5)h(2)j  -  2  D(19)h(4)j  -  2  D(20)h(5)j 
A(i7)j  =  D(17)/j  -  D(5)h(3)j  +  (D,8)  -  D(11))h(2)j  +  (D,6)  -  D(9))h(1  yj  +  D,12)h,3)j  +  D(18)h(S)j 

+  D(19)h(5)j  +  D(20)h(4)j 

A(i8)j  =  D< 1 8 >/j  _  (D(5)  -  D(15))h,4)j  -  (D(g)  -  D(14))  h(5)j  -  D(17)h(6)j  +  (D(7)  -  D,10))h(i)j 

-  D(19)h(2)j  +  D,20)h,3)j 

A(i9)j  =  D(19,/j  -  D(17)h(5)j  -(0(7,  -  Da3))h(3)j  -  (D(6)  -  D,16))h(4)j  -  (D(11)  -  D(i4))h(6)j 
+  D(i8)h(2)j  -  D(20)  h(i)j 

A(2o)j  =  D(20)/j  +  (D(io)  -  D(i3i)  h(2)j  -  (D(9)  -  D(i6))h(5)j  -  D(17)h(4)j  -(D(12)  -  D(15))  h(6)j 

-  D<i8)h(3)j  +  D(i9)  h(Dj  (4.14) 
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From  equation  (4.13),  we  can  obtain  by  virtue  of  'Dym,!11  =  'D^o,  similar  to  Izumi  [5] 

*Dijk/o  =  A(1)0  m;  mjmk  +  A(2)0  n(i >i  nay  n(1)k  +  A(3)0  npyn^y  n(2)k  +  A(4)0  n(3II  n(3)j  n(3)k 
+  Z(ij,k)  [ A(5)o{ m^  mj  n(i)k)  +  A(6)0  {  m;  m,  n(2)k}  +  A(7)0  {  m;  mj  n(3)k} 

+  A(8)o  {  n(1)i  n(UjJmk)  +  A(9)o  {  n<i)i  n(1)j  n(2)k)  +  A(10)o  { n( i )i  nay  n(3)k} 

+  A(11)o{n(2)i  n(2)jmk)+  A(12)o  {n(2)i  n(2)j  n(i)k}  +  A(i3)0  {n(2)i  n(2)j  n(3)k} 

+  A(14)o  {n(3)i  n(3)jmk)  +  A(15)o  {n(3)i  n(3)j  n(i)k)+  Aa6>o  {n(3)i  n(3)j  n(2)k} 

+  A(17)o  {mi(n(1)j  n(2)k  +  n(i)k  n(2)j))  +  Aag^tm^naj  n(3)k  +  n(1)k  n(3)j)} 

+  A(1g)o  {mi(n(2)j  n(3)k  +  n(2)k  n(3y))  +  A(2o)o  {n( i)i(n(2)j  n(3)k  +  n(2)k  n(3)j) }  (4.15) 

If  we  assume  that  in  a  Finsler  space  of  five-dimensions  tensor  1Dijk/0=  ^'D^,  from  equations  (4.12)  and 

(4.15)  we  get  A(r)o  =  XD(r),  (r  =  1,...,20).  Hence: 

Theorem  4.4:  In  a  Finsler  space  of  five-dimensions,  tensor'Dyk  satisfies  Dl|k/0  =  X  Dl|k  if  and  only  if 

coefficients  of  these  tensors  satisfy  A(rt0  =  A,D(r),  (r  =  1,. .  .,20). 

D-TENSOR  OF  SECOND  KIND 

In  this  section  we  shall  define  a  symmetric  tensor  of  second  kind,  which  shall  be  denoted  by  2Djjk  and  which 
satisfies  2D;jk  l'=  0  as  well  as  2Dykg'k  =  2D,  =  2Dn,2)i.  Any  third  order  tensor  satisfying  these  properties  in  a  Finsler  space  of 
five-dimensions  will  be  expressed  as 

~Djjk  =  D(i)mimjmk+  D(2)  n(1)I  n(1)j  n(i)k  +  D(3)  n(2)I  n(2lj  n(2lk  +  D(4)  n(3)I  n(3y  n(3lk 
+  D(5)^(ijk){mi  nij  n([)k)  +  D(6)^(ijW{mi  mj  n(2)k)  +  D(7)^(ijk){mi  mj  n(3)k} 

+  D(8)£(ijk){n(1)I  n(1)jmk}  +  D(9£(ijk){n(1)I  n(1)j  n(2)k}  +  D(10)X(ijk){n(i)i  n(ijj  n(3)k} 

+  D(inS(ijk){n(2)i  H(2)jtnk}  +  D(i2)X!(ijk)  {n(2)i  tt(2)j  n(i)k}  +  D,13)^(ijk){n(2)I  n(2)j  n(3)k) 

+  D(14)X(ijk){n,3)I  n(3)jmk}  +  D(15)^(ijkl{n(3)I  n(3y  n(1)k}  +  D(16)^(ijk){n(3II  n(3lj  n(2)k} 

+  D(i7)X(ijk){mi(n(1)j  n(2)k  +  n(1)k  n(2)j)}  +  D(18)^(ijk){mi(n(2)j  n(3)k  +  It(2)k  tl(3)j) } 

+  D(19)2(ijk){mi  (n(3)j  n(1)k  +  n(3)k  n(1)j))  +  D(2o)2L(ijkt{n(i)i(n(2)j  n<3)k  +  n<2)k  n(3)j)}  (5.1) 

Multiplying  equation  (5.1)  by  gjk,  we  obtain  on  simplification 
“Dj  =  mj(  D(1)  +  D(8)  +  D(11)+  D(14k)  +  n(1)i  (  D(2)+  D,5)  +  D(12)  +  *D(15)) 

+  n(2)i(  D(3)  +  D(6)  +  D(9)  +  D(1S))+ n(3)i(  D(4)  +  D(7)  +  D,10)  +  *0(i3))  (5.2) 

Now  using  2Dj  =  2Dn(2)I,  in  equation  (5.2),  we  get 

D(i)  +  D(8)  +  D(ii)+  D(i4)  =  0,  D(2)+  D(5)  +  D(i2)  +  D(i5)  =  0  (5.3)a 

0(3)+  D(6)  +  D(9)  +  D(1S)  =  'D,  D(4)  +  D(7)  +  D(io)  +  D(i3)  =  0  (5.3)b 

Hence 
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Theorem  5.1:  In  a  five-dimensional  Finsler  space  F5,  D-tensor  of  second  kind  denoted  by  2Dyk  and  given  by 
equation  (5.1)  satisfies  equations  (5.3)a,b. 

If  we  assume  that  tensor  2D;jk  =  0,  we  can  observe  that  this  will  also  satisfy  equation 

D(3)  +  D(6)  +  D(9)  +  D(16)  =  0.  (5.4) 

Hence: 

Theorem  5.2:  In  a  five-dimensional  Finsler  space  F5,  if  the  tensor  2Dl|k  vanishes  equation  (5.4)  is  satisfied. 


Alternatively,  this  tensor  can  also  be  expressed  as 

TJyk  =  X(ijk)[mi  Wjk  +  n(1)I  Xjk+  n(2)i  Yjk  +  n(3)I  ZJk] ,  (5.5) 

where 

Wjk  =  (l/3)[  D(1)  mjmk  +  3  D(8)  n(1)j  n(1)k  +  3  D(11)  n(2)j  n(23k  +  3  D(i4)  n(3)j  n(3)k 

+  D(i7)(n(1)j  n(2)k  +  n(1)k  n(2)j)  +  D(1S)(n(2lj  n(3)k  +  n(2)k  n(3)j)  +  D(19)(n(3)j  n(1)k  +  n(3)k  n(1)j)],  (5.6)a 

XJk  =  ( 1/3) [  D0)  n(1)j  n(i)k  +  3  D(5)  mjtnk  +  3  D(i2)  n(2)j  n(2)k  +  3  D(15)  n(3)j  n(3)k 

+  D(i7)(mj  n(2)k  +  mk  n(2)j)  +  D(19)(n(3)jmk  +  n(3,k  mj)  +  D(20)(n(2lj  n(3)k  +  n(2)k  n(3)j)],  (5.6)b 

*Yjk  =  (1/3)[*D(3)  n(2ij  n(2)k  +  3  D(6)  mjmk  +  3  D(9)  n(13j  n(1)k  +  3  D(16)n(3)j  n(3)k 

+  D(i7)(mj  n(1)k  +  mk  n(1)j)  +  D(18)(n(3)jmk  +  n(3)k  mj)  +  D(2o)(n(1)k  n(3)j  +  n(1)j  n(3)k)],  (5.6)c 

Zjk  =  ( 1/3) [  D(4)  n(33j  n(3)k  +  3  D(7)  mjmk  +  3  D(10>  n(1)j  n(i)k  +  3  D(i33  n(2)j  n(2)k 

+  D(i8i(mj  n(2)k  +  mk  n(2)j)  +  D( i9)(mj  n(i)k  +  mk  n(Dj)  +  D(20)(n(1)j  n(2)k  +  n(1)k  n(2)j)]  (5.6)d 

D-TENSOR  OF  THIRD  KIND 


In  this  section,  we  shall  define  a  symmetric  tensor  of  third  kind,  which  shall  be  denoted  by  and  which  satisfies  ’D;jk  l'= 
0  as  well  as  3Dijkgik  =  'Dj  =  ’Dn,3)i.  Any  third  order  tensor  satisfying  these  properties  in  a  Finsler  space  of  five-dimensions 
will  be  expressed  as 

Dp  =  D(1)mimjmk+  D(2)  n(1)I  n(1)j  n(1)k  +  D,3)  n(2)i  n(2)j  n(2)k  +  D(4)  n(3)I  n(3)j  n(3)k 
+  D(5)X(ijk){mj  mj  n(i)k}  +  D(j)2(ijk){mi  mj  n(2)k}  +  D(7)^(ijk){mi  mj  n(3)k) 

+  D(8)Z(ijk){n(l)I  n(l)jmk)  +  D(9)^(ijk){n,1)I  n(1)j  n(2)k)  +  D(10)S(ijk){ll(l)I  n(l)j  n(3)k} 

+  D(11)Xajk){it(2)i  H(2)jitik}  +  D,i2)X(ijk)  { n(2)i  H(2)j  H(Dk)  +  D(13)^(ijk){n,2)I  n(2)j  n(3)k} 

+  ) 4>S fijk) { n(3)r  n(3)jmk}  +  D(15)£,ijk){n(3)I  n(3)j  n(1)k}  +  D(16)£(ijk){n(3)I  n(3)j  n(2)k} 

+  D,17£(ijk){mi(n(1)j  n,2)k  +  n(1)k  n(2)j)}  +  D(1g)^,ijk){mi(n,2)j  n(3)k  +  n(2)k  n(3)j)} 

+  D(i9)Z(ijk){mi  (n(3)j  n(1)k  +  n(3)k  n(1)j)}  +  D(20)X(ijk){ii(i)i(ii(2)j  n<3)k  +  n<2)k  n(3)j)l  (6.1) 

From  equation  (6.1),  we  can  obtain 

3Dj  =  mj(D(1)+  D(g)  +  D(H)+  D(i4))  +  n(1)i  (  D(2)+  D(5)  +  D(i2)  +  D(i5)) 
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+  n(2)i(  D(3)  +  D(6)  +  D(9)  +  D(16))  +  n(3)i(  D(4,  +  D(7)  +  D(10)+  D(13,),  (6.2) 

which  implies 

D(ij  +  D(8)  +  D(u)+  D(i4)  =  0,  D(2)+  D(5)  +  D(!2)  +  D(i5)  =  0,  (6.3)a 

Dp)  +  D(6)  +  D,9)  +  D(16)  =  0,  D(4)  +  D(7)  +  D,io)+  D(i3)  =  3D  (6.3)b 

Hence: 

Theorem  6.1:  In  a  five-dimensional  Finsler  space  F5,  the  coefficients  on  the  right-hand  side  of  ’Dl|k  satisfy 
equations  (6.3)a,b. 

If  we  assume  that  tensor  3Dijk  =  0,  equation  (6.3)  b  implies 

D(4)  +  D(7)  +  D(io)+  D(i3)  =  0.  (6.4) 

Hence: 


Theorem  6.2:  In  a  five-  dimensional  Finsler  space  F5,  if  the  tensor  3Dyk  vanishes,  equation  (6.4)  is  satisfied. 

Remarks 

•  Tensors  2Dyk  and  3Dyk  also  satisfy  properties  similar  to  ’D^. 

•  Curvature  properties  related  with  these  tensors  are  being  studied  in  the  subsequent  research  work. 
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